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Abstract
In this work we study the phase transition of the charged-AdS black hole surrounded
by quintessence via an alternative extended phase space defined by the charge square
Q2 and her conjugate Ψ, a quantity proportional to the inverse of horizon radius, while
the cosmological constant is kept fixed. The equation of state is derived under the form
Q2 = Q2(T,Ψ) and the critical behavior of such black hole analyzed. In addition, we
explore the connection between the microscopic structure and Ruppeiner geothermody-
namics. We also find that, at certain points of the phase space, the Ruppeiner curvature
is characterized by the presence of singularities that are interpreted as phase transitions.
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1 Introduction
Since the discovery of the phase transition by Hawking and Page [1], an important line of re-
search has been devoted to the study the black holes thermodynamics, with the aim to shed
more light on our understanding of quantum gravity. Recently, several papers have consid-
ered the cosmological constant Λ as a dynamical variable [2, 3], while others have treated
Λ as a thermodynamic variable [4], identified to the thermodynamical pressure. Using the
latter proposal, many efforts have been devoted to disclose the phases transitions of black
holes in AdS space [5, 6] and to reinforce the analogy between the critical behaviors of the
Van der Waals gas and the charged AdS black hole [7–14].
On the other hand, the cosmological constant is a serious candidate for explaining the
puzzle of dark energy. This energy, with a negative pressure, is responsible of the observed
accelerating expansion of our Universe, considered as one of the most fascinating results of
observational cosmology. In addition to the dark energy, others viable candidates might play
a role in such expansion such as quintessence, phantom and quantom.
In this work, we will only deal with quintessence’s existence and its effects on the
black hole spacetime configuration. Since the first paper on black holes surrounded by
quintessence [15], this area of physics becomes a fertile ground to probe the impact of
quintessence dark energy on various features of the black holes, as quasi-normal modes
[16,18], thermodynamical properties [19–21], P-V criticality in extended phase space and heat
engine [22, 23], the stability analysis [24], as well as the phase transitions in a holographic
framework [25].
Our aim in this work is to study the critical behavior and the geometrical thermodynamics
of charged-AdS black hole surrounded by quintessence in an alternative extended phase
space, and then establish a link with the microscopic structure. Compared to the usual
approach, here we consider the cosmological constant as a fixed parameter while the square
of the charge Q2 is treated as a thermodynamical variable. Then, the occurence of the phase
transition is analysez in (Q2,Ψ)-diagram, where Ψ is the conjugate quantity to Q2.
The paper is organized as follow: In the next section, we briefly introduce the main
ingredients to be used by the new alternative extended phase space. The new form of the
first law of the thermodynamics as well as the Smarr formula in this black hole background
are presented. Then we proceed with the calculations of various thermodynamic quantities
and show the small-large black hole phase transition. The coordinates of the critical point
and the critical exponents are also derived, in addition to the coexistence line. In section 3,
we reveal the microscopic properties of charged AdS black holes surrounded by quintessence
via the thermodynamic geometry. More specifically, we evaluate the Ricci scalar curvature
of the Ruppeiner metric and look for more insights into the nature of interactions among the
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black constituents. The last section is devoted to our conclusion.
2 Thermodynamics of charged black hole surrounded by quintessence
in (Q2,Ψ)-plan
We start by writing the metric of the spherically symmetric charged-AdS black hole sur-
rounded by quintessence as [15]
f (r) = 1− 2M
r
+
Q2
r2
+
Λr2
3
− a
r3ω+1
, (1)
where M and Q are the ADM mass and charge of the black hole respectively, ωq rep-
resents the state parameter while a reads as the normalization factor related to the den-
sity of quintessence. The state parameter of quintessence dark energy is restricted to lie in
−1 < ωq < −1/3, while ωq < −1 in the case of phantom dark energy. The normalization
factor a being always positive, the density of quintessence can be expressed by the formula,
ρq = − a
2
3ωq
r3(ωq+1)
. (2)
The black hole mass M can be expressed in term of the horizon radius r+ as
M =
1
6
(
−3ar−3ωq+ +
3Q2
r+
−Λr3+ + 3r+
)
. (3)
while Hawking temperature and the entropy read as,
T =
f (r)
4π
∣∣∣∣
r=r+
=
r+
(
3aωqr
−3ωq
+ +
3r3+
l2
+ r+
)
−Q2
4πr3+
, (4)
S =
∫ r+
0
1
T
(
∂M
∂r+
)
dr+ = πr
2
+. (5)
Now, we probe the thermodynamical proprieties of a such black hole in the new extended
phase space. The latter is made by considering the entropy S, the square of the charge Q2,
the normalisation factor a and the cosmological constant as independent parameter. In our
scenario the analogy between the pressure and the cosmological constant still holds via the
usual formula
P = − Λ
8π
. (6)
Under these considerations, the mass of the black hole, identified to the enthalpy, is then
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given by,
M(S,Q2, P, a) =
1
6
(
S(8PS+ 3) + 3πQ2√
π
√
S
− 3aπ3ωq/2S−3ωq/2
)
. (7)
The intensive parameters respectively conjugate to S, Q2, P and a are defined by
T ≡ ∂M
∂S
∣∣∣∣
P,Q2,a
, Ψ ≡ ∂M
∂Q2
∣∣∣∣
S,P,a
, V ≡ ∂M
∂P
∣∣∣∣
S,Q2,a
and A ≡ ∂M
∂a
∣∣∣∣
S,Q2,P
, (8)
where T denotes the temperature, the new quantity Ψ is the inverse of the specific volume
Ψ = 1v with v = 2r+ in the natural unit. The thermodynamical volume is obtained via
V =
∫
4Sdr+ = 4πr3+/3 while the quantity conjugate to the factor a is A = − 12r
−3ωq
+ . In this
context the new first law of black hole thermodynamics in this alternative extended phase
space is written as,
dM = TdS+ ΨdQ2 +VdP+Ada. (9)
and the Smarr relation reads as
M = 2TS+ ΨQ2 − 2VP+ (1+ 3ωq)Aa. (10)
It is worth to notice that, in the first law of the thermodynamics, the usual term ΦdQ,
where Φ denotes the electric potential, has been changed to ΨdQ2 in our alternative phase
space. This modification leads to a novel behavior not present in the standard phase space
associated with dM = SdT + Φdq. The small-large black hole phase transition occuring in
(P,v)-plan, also shows up in (Q2,Ψ)− diagram. In the subsequent, we will study this phase
transition: More precisely, we will derive the coordinates of the critical point, study the Gibbs
free energy as well as the critical exponents.
By inverting Eq.4, we obtain the equation of state Q2(T,Ψ) as
Q2 = r+
(
3aωqr
−3ωq
+ +
3r3+
l2
− 4πr2+T + r+
)
. (11)
This equation is depicted in Figure 1 for different values of temperature and normalisa-
tion factor a.
Fig. 1 shows a region with negative Q2 having no physical meaning. This region also
occurs in the case of Van der Waals gas, where the pressure becomes negative for some values
of temperature. The oscillating part of the isotherm line corresponds to the instability region
with ∂Q
2
∂Ψ
∣∣∣
T
> 0. However, this instability can be removed through the Maxwell equal area
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Figure 1: Left: The behavior of the isothermal line in Q2 −Ψ diagram of the of charged black hole surrounded
by quintessence, we have set l = 1 and a = .1 Right: The effect of the parameter a on the isothermal line up to
the critical temperature.
construction [17]. ∮
ΨdQ2 = 0. (12)
Evidently, for T > Tc there is an inflection point and the behavior is reminiscent of the Van
der Waals one. The coordinates of the critical points are given by the roots of the following
system,
∂Q2
∂Ψ
∣∣∣∣
Tc
= 0,
∂2Q2
∂Ψ2
∣∣∣∣
Tc
= 0. (13)
Thus one finds,
Tc =
2
√
6− 3al
6πl
, Q2c =
l2
36
, Ψc =
√
3
2l2
. (14)
As a byproduct, the resulting universal number which depends on the parameter a and
the AdS radius l is,
ρc = Q
2
cTcΨc =
4−√6al
144π
, (15)
If we set a = 0, the usual results presented in [26] is recovered. Furthermore, to proceed
further with the transition de phase in the thermal picture, we analyze the Gibbs free energy
given by,
G(T,Q2, a) = M− TS = 4l
2
Ψ
2
(
2Ψ
(
6Q2Ψ− a8ωq(3ωq + 2)Ψ3ωq
)
+ 1
)− 1
32l2Ψ3
, (16)
and plot in Fig.2 G as a function of the square of charge Q2 in the scenario where T > Tc
for different values of the normalisation factor a.
From Fig.2, we see that the Gibbs free energy develops a ”swallow tail” for T > Tc,
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Figure 2: The Gibbs free energy G of AdS black hole surrounded by quintessence versus the charge square Q2
for a temperature larger than the critical one and different values of the normalisation factor a
which is a typical feature in a first-order phase transition between small and large black hole.
Below the critical temperature Tc, this ”swallow tail” disappears. The charge square and the
temperature of the black hole are constants during the phase transition. Using the Maxwell
equal-area construction and the Gibbs free energy we reveal in Fig.3 the line where both
phases of small and large black hole coexist.
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Figure 3: Left: The transition line of small-large black hole in Q2 − T diagram. The critical point marks the
end of the transition line. Right: The effect of the quintessence parameter a on the coexistence line.
The coexistence line terminates at a critical point where the phase transition transform
becomes of second order. We can also see from the right panel Fig.3 that the normalisation
factor a reduces the small black hole region, in addition the extremal large black hole is
absent.
In the subsequent analysis, we describe the critical behavior near the critical point in
this alternative extended phase space. For this, we usually introduces the following critical
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exponents,
CΨ = |t|−α , η = |t|β , κT = |t|−γ and |Q2 −Q2c | = |Ψ−Ψc|δ. (17)
where the exponents α ,β, γ and δ describe the behavior of specific heat CΨ, the order
parameter η, the isothermal compressibility coefficient and the critical isotherm respectively.
Before proceeding with the calculations of the above critical exponents, it is more conve-
nient to use instead the reduced parameters,
Ψr ≡ Ψ
Ψc
, Q2r ≡
Q2
Q2c
, Tr ≡ T
Tc
. (18)
that can be expressed as,
Tr = 1+ t, Ψr = 1+ ψ, and Q
2
r = 1+ ̺, (19)
where the new variable t, ψ and ̺ describe the departure from the critical point. The first
step consists of deriving the heat capacity at fixed potential Ψ,
CΨ = T
(
∂T
∂S
)−1∣∣∣∣∣
Ψ
= 0. (20)
Hence the critical exposant associated with the heat capacity is null α = 0. For the second
critical exponent, we use the equation of state in the reduced variable, then Eq.11 becomes
Q2r = Tr
(
2
√
6al
Ψ3r
− 8
Ψ3r
)
+
a · 2
(
3ωq
2 +
3
2
)
· 3
(
3ωq
2 +
5
2
)
ωq
(
l
Ψr
)−3ωq
lΨr
+
3
Ψ4r
+
6
Ψ2r
. (21)
By expanding this equation near the critical point and using Eq. 24, we get
̺ = −8t+ 2
√
6alt+ tψ
(
24− 6
√
6al
)
− 4ψ3 +O(tψ2, φ3). (22)
Then by differentiating Eq.(22) with respect to ψ and t, and making use of the Maxwell
equal area law, we obtain
̺ = −8t+ 2
√
6alt+ tψl
(
24− 6
√
6al
)
− 4ψ3l = −8t+ 2
√
6alt+ tψs
(
24− 6
√
6al
)
− 4ψ3l ,
0 = Ψc
∫ ψs
ψl
(
t
(
24− 6
√
6al
)
− 12ψ2
)
dψ, (23)
where the indices l and s refer to large and small black hole phase respectively. A non trivial
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solution of Eq.(23) is then derived,
ψs = −ψl =
√
t
(
4−√6al
)
√
2
. (24)
So in the vicinity of the critical point, we can find the order parameter as,
|ψs − ψl| = 2ψs =
√(
4−√6al
)
√
2
t
1
2 ⇒ β = 1/2. (25)
As to the isothermal compressibility coefficient κT and the value of the critical exponent
γ, we obtain
κT =
∂Ψ
∂Q2
∣∣∣∣
T
∝
Ψc
(24− 6√6al)Q2c t
⇒ γ = 1. (26)
For the last critical exponent δ, we use Eq.(22) in the isothermal case t = 0 and get
̺|t=0 = −4ψ3 ⇒ δ = 3. (27)
These critical exponents are similar to those of the Van der Waals fluid [5], They can be
attributed to the effect of the mean field theory.
In the next section, we will investigate the critical behavior of the black holes through the
use of geometrical method.
3 Geothermodynamics of charged black hole surrounded by quintessence
Recently, the geothermodynamics approach has gained more attention as an efficient tool to
describe geometrically the behavior of thermodynamic systems. This approach has produced
consistent results to many issues related to systems such as black holes, ideal or Van der
Waals gas, and cosmological models.
Here, we use the Ruppeiner metric [27] to probe the effect the quintessence on the micro-
scopical structure of such black hole, and define this metric on the (M,Q2) space as,
gRµν =
1
T
∂2M
∂Xµ∂Xν
, (28)
with Xµ = (S,Q2). The invariant Ricci scalar for any value of the state parameter of the
quintessence ωq, with l set to unity, is given by
RR =
8Ψ2
(
2l2Ψ2
(
3a8ωqωq(3ωq − 1)Ψ3ωq+1 − 1
)− 3)
π
(
4l2Ψ2
(
2Ψ
(
2Q2Ψ− 3a8ωqωqΨ3ωq
)− 1)− 3) . (29)
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By considering a special case with ωq = −2/3, and using the reduced coordinates, we
can recast RR into the form,
RR |ω=−2/3 =
18Ψ2r
(√
6aΨr − 2
(
Ψ
2
r + 1
))
π
(
2
√
6aΨr + Q2rΨ
4
r − 6Ψ2r − 3
) . (30)
We know that the sign of the RR can be interpreted in terms of intermolecular interac-
tion in thermodynamical system. The positivity/negativity refers to the repulsive/attractive
interaction between the constituent of the system [28, 29]. Note here that the interactions are
absent in the system for a null Ricci scalar RR [30] as in the classical ideal gas. Therefore, our
analysis will focus on the sign of the Ricci scalar RR shown in Eq.30.
Figure 4: The Ruppeiner scalar curvature versus the reduced variables Ψr and Q2r , with a = .5
As can be seen from Figure.4, which illustrates RR as a function the reduced variables Ψr
and Q2r , R
R does not show a monotonic sign. Since the numerator of RR is always negative,
the sign of the scalar curvature is hence controlled by the opposite sign of the denominator.
The latter has a root at Ψ0 given by,
Ψ0 =
1
2


√√√√√√ 4
√
6a
Q2r
√
4
Q2r
− 2 3
√
2(Q2r−1)
Q4rX
+ 22/3X
− 2
3
√
2
Q4rX
+
2 3
√
2
X + 8
Q2r
− 22/3X
−
√
4
Q2r
− 2
3
√
2 (Q2r − 1)
Q4rX
+ 22/3X

 . (31)
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The Ruppeiner curvature is singular at this point with X expressed as,
X =
3
√√√√√√Qr
(
3 (a2 − 2)Qr+
√
9a4Qr2 − 12a2
(
3Qr2 + 1
)
+ 4
(
Qr2 + 3
)2)− 2
Qr6
. (32)
From the relation between the sign of RR and the nature of the intermolecular interaction,
we can summarize our results about the sign of RR and the temperature T in the following
table 1.
Ψ < Ψ0 Ψ > Ψ0
RR + -
T0 + -
Validity Allowed Forbidden
Table 1: Sign of RR and its domain of validity with respect to the temperature sign.
The requirement of a positive absolute black hole temperature constrains the phase space
to be divided to allowed and forbidden regions of Ψ and charge square as shown in the right
panel of Fig. 5.
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-40
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Figure 5: Left: The Ruppeiner scalar curvature in function of Ψr for different values of a, here we have set
Q2r = 2. Right: Region plot show the region allowed physically in the extended phase space
Form the left panel of Fig.5 we can see that for 0 ≤ Ψr ≤ Ψ0, the Ruppeiner curvature
is positive which is equivalent to a repulsive intermolecular interaction. This region can be
divided in two parts with respect to Ψr = 1:
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• When 1 ≤ Ψr and tends to Ψ0, RR becomes very large and divergent which could be
interpreted by a huge repulsive interaction. This behavior is consistant with Fermi gas
near null temperature, T ≈ 0, [31], when the Fermi exclusion principe dominates the
thermodynamic behavior of the system with strong degenerate pressure.
• For the second part, characterized by 0 ≤ Ψr ≤ 1, we observe a small value of RR for Ψr
approaching zero which signals a rather weak repulsive interaction in the stable large
black hole phase.
Another remark is in order at this stage: it is worth to point out the possible connection
between the repulsive intermolecular interaction and the small/large black hole phase tran-
sition, since the transition from small to large black holes is governed by the repulsive nature
of the interacting constituents which tend to expand the black hole, which corroborates the
result obtained in [26].
At last, we briefly comment on the effect the quintessence parameter a. From the left
panel of Figure 5, we can see that when a increases the values of the Ψ0 decrease reducing
the allowed region, a behavior which might originate from the interaction of the quintessence
field and the constituents of the black hole .
4 Conclusion
By proposing an alternative extended phase space defined by the square of the charge Q2 and
its thermodynamical conjugate quantity where the cosmological constant is kept constant,
we have studied the small/large black holes phase transition of the Reissner-Nordstrom-
AdS black hole surrounded by quintessence. We have shown that such black hole exhibits a
critical behavior similar to Van der Waals one, a feature characterized by the critical point,
critical exponents, and a universal constant.
We have also investigated the microscopic structure of the charged AdS black holes sur-
rounded by quintessence using the Ruppeiner thermodynamic geometry. This allow con-
nection between the sign of the Ruppeiner scalar curvature, the nature of intermolecular
interaction and the thermodynamical phase transition. The latter is caused by a strongly
repulsive interaction amongst the constituents. Finally, we have discussed the effect of the
quintessence parameters on this phase transition.
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